The aim of this paper is to calculate the horizontal and vertical displacements of a cantilever beam in large deflections. The proposed structure is composed with Ludwick material exhibiting a different behavior to tensile and compressive actions. The geometry of the cross-section is constant and rectangular, while the external action is a vertical constant load applied at the free end. The problem is nonlinear due to the constitutive model and to the large deflections. The associated computational problem is related to the solution of a set of equation in conjunction with an ODE. An approximated approach is proposed here based on the application Newton-Raphson approach on a custom mesh and in cascade with an Eulerian method for the differential equation.
INTRODUCTION
Different authors studied the effect of flexibility on mechanisms and machine applications [1 -5] . Effects of stiffness and deflections are important in different mechanical fields, i.e. industrial, biomedical [6 -9] . In the followings, we describe a route of scientific studies that drives to the state of the art on Ludwick materials. Literature [10] proposed a description of a cantilever beam subjected to large deformation with a vertical action at the free end and composed by Ludwick non-linear elastic material. Then, literature [11] solved the problem associated to the large deflections of non-linear elastic beams with a constitutive model described by a logarithmic law. Successively [12] the problem of a cantilever beam with a symmetric Ludwick constitutive law and subjected to a vertical constant force at the free bound was solved numerically. An analytic solution of a similar problem was found by the same authors for cantilever beams subject to a constant rotary load at the free bound [13] . Then the issue of large deformation of a Ludwick structures [14] was treated numerically on a cantilever beam subjected to two mechanical loads: a distributed vertical load on the beam in addition to a constant vertical force at the free bound. Other authors [15] described thin cantilever beams composed by bimodulus Ludwick type material under the presence of a mechanical moment applied at the free-end. A semi-exact solution was achieved [16] for cantilever beams composed by Ludwick material in large deformations and subjected to a double vertical load: the first was distributed on the beam and the second concentrated at the free end. Then non-prismatic cantilever beams composed by a generalized Ludwick material [17] were described in the presence of large deflections and external constant mechanical loads. A numerical approach was proposed [18] for the deformation of Ludwick cantilever beams in the elastic domain using a fourth order Runge-Kutta solver. Then a similar method was proposed [19] for linear elastic cantilever beams with non-constant cross-section under different loading conditions. Likewise [20] other authors described the mechanical behavior of linear elastic cantilever beams in large deformations under different distributed mechanical actions with an approximated approach applied to the associated Bernoulli-Euler problem. Fig. (1) shows the transformation of the beam in large deflection under the effects of the constraints and of the F force applied to the free end. Fig. (1) shows the reference configuration (the initial one) and its associated reference system Oxyz. The deformed configuration can also be described with respect to this system. Another set of reference systems, O'x'y'z', is then placed on each cross-section, with the axes positioned as shown in Fig. (1) . This reference system divides each cross-section into two parts with lengths, respectively, h 1 and h 2 that must be computed with a proper algorithm and are, in general, characterized by the equation (1) . Fig. (1) . Cantilever beam in the initial and deformed configurations subjected to a constant vertical mechanical load F.
(1) (2)
The beam is characterized by a Ludwick non-linear constitutive law. The behavior of the beam associated to the deformation is always elastic. The material shows different characteristics when constrained to a compression or to a tension, according to [8] . In detail, the proposed material has a constitutive law described by different coefficients associated to compression and tension conditions (2) . Specifically the tensile and compressive Young moduli are, respectively, E t and E c , whereas the tensile and compressive linear coefficients are, respectively, n and m.
PROBLEM FORMULATION
This paper deals on large deflections of a thin cantilever beam, under the hypotheses of Euler-Bernoulli. Thus a cross-section of the beam remains plane and normal to the neutral surface after a deformation and orthogonal without shape or area deformations. For these reasons, the beam can be described as a curve coincident with its neutral curve and all the cross-section properties can be associated to the crossing point of the neutral curve, as shown in Fig. (2) . In the focused problem, the axial and the shear effects are small compared to those due to the bending moment. Therefore, the beam is depicted in Fig. (3) in the deformed configuration loaded only with a bending moment M(x) that varies with the spatial coordinate x, as described in the expression (3) , that depends on the horizontal deflection of the free tip δ h , on the initial length of the neutral curve of the beam L and on the vertical load applied at the free tip of the beam F. Fig. (4) describes an infinitesimal part of the beam in the deformed configuration: its length is dx, while the end sections are S and S 1 . As just mentioned the deformation is due to only a bending moment M(x) that acting on the beam transforms its shape from the initial one to the final one, as further shown in Fig. (4) .
The horizontal fibre shown in Fig. (4) is distant y from the neutral curve and is exposed to an angular deformation described by the infinitesimal angle dθ. After this deformation, the length of the fibre L 1 can change according to the governing equation (4); here, ρ represents the curvature radius of the neutral curve as further described in (5). Expression (6) describes the length of the fibre with respect to its initial length dx. The term y' enhanced in (4) and (6) is the value of the final location of the horizontal fibre in the deformed configuration. 
(5) (6)
The strain ε x along the x' axis (7), according to (6) , can be expressed by the equation (8).
(7) (8)
As just observed, merely the deformation due to bending moment affect the cross-sections of the beam, therefore the expressions (9-10) can describe the deformed configuration, and here σ x' is the stress along the x' direction.
(9) (10)
Equations (11) and (12) are just a representation of relations (9) and (10), where compressed area is distinguished from the tensile area of the cross-section.
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Then equations (13) and (14) follow.
(13) (14)
The set of equations (1), (13) and (14) refers to a non-linear algebraic problem under the unknown functions h 1 (x), h 2 (x) and ρ(x); δ h is set as a tentative numerical value at the first step of the proposed solution algorithm and then is further refined to the converging solution Specifically, the proposed solution algorithm assigns an initial value δ and divides the beam in different parts constructing a mesh along the x direction, the set of equation that describes the problem is solved approximatively with a Newton-Raphson method over the mesh obtaining a set of values for the unknowns of the problem: h 1 (x), h 2 (x) and ρ(x). Then, the non-linear ODE indicated in (15) is solved approximately with an Euler approach under the initial conditions described in (16) .
(15) (16)
Then, the computational procedure continues with the verification of the adopted value of ρ h , namely it calculates the difference between the initial and final values of the length of the beam, verifying that it is under a set level; contrary, δ h is incremented and the algorithm is restarted. Finally, the value of δ v is computed with the equation indicated in (17) .
(17)
Particularly, if E t and E c are equal, also n and m, the coefficients of nonlinearity, are also equal to the value 1, the results are the same of those associated to a linear elastic material under large deflections.
RESULTS
To verify the algorithm, the values of δ h and δ v are calculated for the problem proposed by Lewis and Monasa [12] and a comparison with this literature case is listed in Tables 3 and 4 for two types of material: annealed copper and NP8 aluminium alloy.
Data describing the real materials adopted in this work, annealed copper and aluminum alloy N.P.8, are shown in Table 1 . 
and Monasa in their work [12] . Specifically they are applied on a cantilever beam realized with aluminum alloy NP8.
Similarly Tables 5 and 6 compare equivalent values computed on a cantilever beam realized with annealed copper. The values computed with the proposed algorithm are similar to those calculated by Lewis and Monasa in their [12] , as also highlighted in Figs. (5, 6) for a beam with a geometry described in Table 2 . Extended numerical computations of the vertical and horizontal deflections are listed in Table 7 The computed results show a relation between the deflections and the material parameters E c , n or m under the same geometrical, constraint and load conditions. Fig. (7) . Horizontal deflections of the end tip, when the nonlinear coefficient m is equal to 1, the applied load is equal to 10N and the tensile module is equal to 100GPa. Table 9 . Horizontal and vertical deflections of the end tip, when the nonlinear coefficients n and m are, respectively, equal to 1 and 1.2, the applied load is equal to 10N and the tensile module is equal to 100GPa. Table 10 . Horizontal and vertical deflections of the end tip, when the nonlinear coefficients n and m are, respectively, equal to 0.8 and 1, the applied load is equal to 10N and the tensile module is equal to 100GPa. Fig. (8) . Horizontal deflections of the end tip, when the nonlinear coefficient n is equal to 1, the applied load is equal to 10N and the tensile module is equal to 100GPa. Fig. (9) . Vertical deflections of the end tip, when the nonlinear coefficient m is equal to 1, the applied load is equal to 10N and the tensile module is equal to 100GPa.
Fig. (10).
Vertical deflections of the end tip, when the nonlinear coefficient n is equal to 1, the applied load is equal to 10N and the tensile module is equal to 100GPa.
FEM VALIDATION OF NUMERICAL RESULTS
In order to validate the numerical algorithm given in this paper, the vertical displacement δ v and the horizontal displacement δ h are calculated using the FEM software ABACUS/CAE ® for a beam made of aluminium alloy N.P.8 and for a beam made of annealed copper. In ABACUS/CAE ® the investigated cantilever beam is discretized using the Hex method, i.e. the beam is subdivided in parallelepipeds.
The constraint section is realized by blocking all nodes of that section. The vertical constant force F on the free section is realized by four equal forces applied on the nodes of the four corners of the free section. Each of the four forces is equal to a quarter of F.
In order to characterize aluminium alloy N.P.8 and annealed copper materials, Marlow form of the potential energy is used for both in ABACUS/CAE ® , as respectively shown in Figs. (11, 12) . Values obtained by the proposed algorithm and values calculated by ABACUS/CAE ® are very close, as shown in Figs. (13) (14) (15) (16) . Some slight differences are due to the Marlow form of the potential used to characterize the proposed materials. 
CONCLUSION
This work proposed a solution for the problem of the computation of the vertical and horizontal deflections of the free end in a cantilever beam composed by Luwick material under the effects of a vertical constant load positioned at the free end. The problem consisted in a non-linear algebraic system coupled with a non-liner second order ordinary differential equation, where non-linearities are due to the material and the geometry. It was solved with a NewtonRaphson method in cascade with an Eulerian approach and the results were verified with FEM software agreeing with it and with those in literature. Finally, the results were discussed to the role of material coefficients in the analysis of large deformations.
NOMENCLATURE

S, S 1
= Cross-sections bounding an infinitesimal part of the beam. E c = Young modulus associated to compression, [GPa] .
